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Abstract
Niederreiter in 1991 proposed an open problem–to characterize the polynomials in
Fq½x1;y; xn which are permutation polynomials over every ﬁnite extension of Fq: The answer
is well known for the case n ¼ 1: In this paper the author studies it for the case n ¼ 2 and
solves the problem under a condition gcd ð @f@x1;
@f
@x2
Þ ¼ 1 and Deg fc0 ðmod pÞ
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1. Introduction
Throughout this paper k denotes a ﬁxed algebraic closure of the ﬁeld Z=pZ; and Fq
denotes the subﬁeld of k with q elements. A polynomial f ðx1;y; xnÞ over Fq is called
a permutation polynomial (PP for short) over Fq if the equation f ðx1;y; xnÞ ¼ a has
exactly qn1 solutions in Fnq for all aAFq (see [3]). By convention, a polynomial in
Fq½x1;y; xn which is a PP over every ﬁnite extension of Fq is called an S-polynomial
of Fq: In 1963, Carlitz [2] discovered an S-polynomial in one variable should be of the
form axp
h þ b; where aa0 and hX0: Based on it, Niederreiter in 1991 proposed the
open problem listed in the abstract of this paper, namely, to characterize all
S-polynomials of Fq in n variables (see [4]).
There is a well-known Zeta function for a polynomial f ðx1;y; xnÞ over Fq:
Zðf =Fq; TÞ ¼ exp
XN
i¼1
Ni
i
Ti;
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where Ni denotes the number of the Fqi rational points of the variety deﬁned
by f :
By the work of Weil, Dwork and Deligne, the zeta function is of good properties.
Dwork attached a series of L-functions to a family of varieties over a ﬁnite ﬁeld in
order to understand how the roots of the zeta function vary when the variety moves
through a family. Dwork’s conjecture, proved by Wan, means the L-functions are
p-adically meromorphic (see [5,6]). Clearly, f is an S-polynomial of Fq if and only if
for every aAk; the zeta function of the afﬁne variety f ðx1;y; xnÞ  a ¼ 0 over Fqdeg a
is 1
1qðn1Þ deg aT; where deg a denotes the least r such that aAFqr : In this case we can
compute explicitly the Dwork’s L-functions of the family (of varieties) deﬁned by f
in a natural way:
L½rðf =Fq; TÞ ¼
Y
%aAA1ðFqÞ
1
1 qrðn1Þdeg aTdeg a ¼
1
1 q1þrðn1ÞT ;
where %a runs over the closed points of A
1ðFqÞ :¼ specFq½t; and a takes any geometric
point corresponding to %a:
L½rðs; f ; TÞ ¼ 1; if san  1
and
L½rðn  1; f ; TÞ ¼ 1
1 q1þrðn1ÞT :
This is one of the rare examples in which Dwork’s L-functions can be computed
explicitly. We can see these L-functions equal those of a trivial vector bundle.
Niederreiter’s problem can be expressed as follows:
What do the polynomials attached to the trivial L-functions look like?
The author in [7] gave a geometric characterization to S-polynomials in 2
variables. The author in this paper obtains the following further result:
Theorem. Let fAFq½x; y; gcd ð@f@x; @f@yÞ ¼ 1 and Deg fc0 ðmod pÞ: Then f is an S-
polynomial if and only if there exists a Fq-automorphism t of Fq½x; y such that
f ðx; yÞ ¼ t x:
Remark. It is well known that every endomorphism t of k½x; y; in a standard way,
corresponds to a unique endomorphism s of A2: If s is an endomorphism of A2
deﬁned by
sðx; yÞ ¼ ðuðx; yÞ; vðx; yÞÞ;
the corresponding t :¼ sn is deﬁned as
tf ðx; yÞ ¼ f ðuðx; yÞ; vðx; yÞÞ ¼ f ðsðx; yÞÞ
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or
tðx; yÞ :¼ ðtx; tyÞ ¼ ðuðx; yÞ; vðx; yÞÞ:
To avoid confusion, s always turns a point into a point, and t always turns a
polynomial into a polynomial. t is an endomorphism of Fq½x; y if and only if s is
deﬁned over Fq:
2. Preliminaries
At ﬁrst, we recall some lemmas from [7].
Lemma 2.1. Let fAFq½x; y; then f is an S-polynomial of Fq if and only if f ¼ f p
h
1 ;
where f1 is an absolutely irreducible S-polynomial of Fq and hX0:
Lemma 2.2. Let f ðx; yÞAFq½x; y be absolutely irreducible. Then f is an S-polynomial
of Fq if and only if, for every aAk; the curve C : f ðx; yÞ  a ¼ 0 is a rational curve with
one place at infinity and the standard morphism f : C˜-C is one-to-one, where C˜ is the
normalization of C:
Lemma 2.3. If f ðx; yÞ is an absolutely irreducible S-polynomial of Fq and
gcd ð@f@x; @f@yÞ ¼ 1; then, for some aAk; the affine curve C : f ðx; yÞ  a ¼ 0 is isomorphic
to the affine line A1:
Lemma 2.1 is an analogue of Carlitz’s result, but there are too many absolutely
irreducible polynomials in 2 variables. By Lemma 2.2, we see that f is an S-
polynomial of Fq if and only if f is a PP over every ﬁnite ﬁeld containing the
coefﬁcients of f : From now on, we can say a polynomial f in 2 variables over k
is an S-polynomial (it means f is an S-polynomial of some ﬁnite subﬁeld of k).
Lemma 2.3 implies that it is necessary for us to study imbedding lines in A2ðkÞ;
namely the curves in A2ðkÞ isomorphic to the afﬁne line. So we need the embedding
line theorem and other relevant lemmas. The embedding line theorem, motivated by
Jacobi’s conjecture, is proved ﬁrstly by Abhyankar and Moh [1]. Some new proofs
are given by Chang, Kang, Richman and others.
Lemma 2.4 (Embedding line theorem). Let u and v be non-constant polynomials of
degree n and m in t with coefficients in k: Assume that k½t ¼ k½u; v; and
gcd ðm; nÞc0 mod p; then either m divides n or n divides m:
Lemma 2.5. Let u and v be polynomials satisfying the conditions of Lemma 2.4, and
the curve C : f ðx; yÞ ¼ 0 can be parameterized as x ¼ uðtÞ; y ¼ vðtÞ; then degx f ¼ m;
degy f ¼ n; Deg f ¼ max ðm; nÞ and f ðx; yÞ has the following form:
f ðx; yÞ ¼ axm þ?þ byn;
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where a; b are nonzero elements in k; Deg f denotes the degree of f as a two variables
polynomial, and degx f denotes the degree of f as a polynomial in x with coefficients
in k½y:
Proof. Construct a homomorphism f from k½x; y to k½t deﬁned by
fðxÞ ¼ uðtÞ; fðyÞ ¼ vðtÞ:
It follows that f is surjective and its kernel is the ideal ðf ðx; yÞÞ; in other words, f
induces an isomorphism %f from k½x; y=ðf ðx; yÞÞ to k½t:
%fð %xÞ ¼ uðtÞ; %fð %yÞ ¼ vðtÞ:
It is easy to see the minimal polynomial of t over kðvðtÞÞ is vðX Þ  vðtÞ: It implies
t satisﬁes the following properties:
½kðt; vðtÞÞ : kðvðtÞÞ ¼ m; and t is integral over k½vðtÞ:
So uðtÞ satisﬁes the same properties. By the isomorphism %f; we can see that %x is
integral over k½ %y; and ½kð %x; %yÞ : kð %yÞ ¼ m: On the other hand, f ðx; yÞ is irreducible
as a polynomial in 2 variables, so is f ðX ; %yÞ as a polynomial over kð %yÞ: It implies
f ðX ; %yÞ ¼ aX m þ a1xm1 þ?þ am; where aAkn; aiAk½ %y: Hence f ðx; yÞ ¼ axm þ
f1ðx; yÞ; where f1 is a polynomial satisfying degx f1om: Similarly, f ðx; yÞ ¼ byn þ
f2ðx; yÞ and degy f2on: So f ðx; yÞ ¼ axm þ gðx; yÞ þ byn; where degx gom;
degy gon: At last we show Deg f ¼ maxðm; nÞ: Without loss of generality, assume
mXn: Write f as a sum f ¼ f1 þ?þ fd ; where fi is a homogeneous polynomial of
degree i: Since the curve C : f ðx; yÞ ¼ 0 is isomorphic to the afﬁne line, there should
be only one point at inﬁnity in the projective closure. So fd is a power of a linear
form. Thus fd ¼ axd þ?: Hence m ¼ d ¼ Deg f :
3. The proof of theorem
Let G denote the group of k-automorphisms of k½x; y; and E the set k½t  k½t 
k  k: Given tAG and ðu; vÞAE; we put ðu; vÞt ¼ ðf1ðu; vÞ; f2ðu; vÞÞ; where
ðf1ðx; yÞ; f2ðx; yÞÞ ¼ ðtx; tyÞ: This deﬁnes a right-action of G on E: For any u; v
satisfying the condition of Lemma 2.4, we denote by fuv the corresponding
homomorphism from k½x; y to k½t: If ðu; vÞt ¼ ðu1; v1Þ; then ðfuv3tÞðx; yÞ ¼
fuvðf1ðx; yÞ; f2ðx; yÞÞ ¼ ðf1ðfuvðxÞ;fuvðyÞÞ; f2ðfuvðxÞ;fuvðyÞÞÞ ¼ ðu; vÞt ¼ ðu1; v1Þ ¼
fu1v1ðx; yÞ
So
fu1v1 ¼ fuv3t:
Now we can prove the theorem. The sufﬁciency is easy: an automorphism t must
correspond to an automorphism s of A2 deﬁned over Fq: f ¼ tx implies the map
deﬁned by f from A2 to A1 is the composite of s and p1; where p1 is the projection
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from A2 to A1: For every aAk and every ﬁnite ﬁeld Fq1 containing FqðaÞ; the set
f 1ðaÞ contains exactly q1 Fq1 -points. Then we prove the necessity. By Lemma 2.3,
we can ﬁnd a suitable aAk such that the curve C : f ðx; yÞ  a ¼ 0 is an imbedding
line. Parameterize it as x ¼ uðtÞ; y ¼ vðtÞ; in other words, we have a surjective
homomorphism fuv from k½x; y to k½t such that Kerfuv ¼ ðf ðx; yÞ  aÞ: Without
loss of generality assume Deg f ¼ degy f ¼ nXm ¼ degx f40: By Lemma 2.5 we
have deg u ¼ n and deg v ¼ m: Since nc0 mod p; by Lemma 2.4 we have mjn (of
course mc0 mod p). Set s ¼ n
m
: Clearly, there exists bAk such that degðu  bvsÞon:
Keep doing so (noting deg v ¼ mc0 mod p), we get a polynomial f1 in one variable
such that degðu  f1ðvÞÞom: Set u1 ¼ v and v1 ¼ u  f1ðvÞ; i.e.,
ðu1; v1Þ ¼ ðu; vÞt;
where the k-automorphism t is deﬁned by tðx; yÞ ¼ ðy; x  f1ðyÞÞ: u1 and v1 still
satisﬁes k½u1; v1 ¼ k½t; gcd ðdeg u1; deg v1Þc0 mod p; and deg u14deg v1: Further-
more deg v140 as long as deg u141: Keep doing so, we get ðu2; v2Þ;y; ður; vrÞ and
t2;y; tr such that
ðui; viÞ ¼ ðui1; vi1Þti
and
ður; vrÞ ¼ ðt; 0Þ:
So furvr ¼ fuv3t1?tr ¼ fuv3t; where t :¼ t1?tr: Hence Ker furvr ¼ t1Ker fuv: On
the other hand, Ker furvr ¼ ðyÞ and Ker fuv ¼ ðf ðx; yÞ  aÞ: So
ðf ðx; yÞ  aÞ ¼ tðyÞ
i.e.
f ðx; yÞ  a ¼ bty; bAkn;
f ðx; yÞ ¼ a þ bty ¼ tða þ byÞ ¼ tt0x;
where t0 is deﬁned by tðx; yÞ ¼ ðby þ a; xÞ: This implies the curve f ðx; yÞ ¼ 0 is still
an imbedding line, more precisely, the image of the line x ¼ 0 under the action of an
automorphism of A2: But it is deﬁned over Fq: So we can parametrize it by u; vAFq½t:
Repeat the preceding course we have f ðx; yÞ ¼ t0ðxÞ; where t0 is a k-automorphism
of k½x; y; deﬁned by polynomials over Fq: t0 induces in fact a Fq-automorphism of
Fq½x; y: This completes the proof of the theorem.
Remark. This proof gives an algorithm for f to determine t such that f ¼ tx: For a
polynomial f satisfying the condition of the theorem, it is easy to check whether f is
an S-polynomial. If f is an S-polynomial, we ﬁrst change it, by a linear substitute,
into a polynomial f1 ¼ yn þ g1; where Deg g1on: Set degx f ¼ mjn; and s ¼ nm:
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Choose a suitable aAFq such that the degree of f2ðx; yÞ ¼ f1ðx þ ays; yÞ is less than
Deg f1: Keep doing so until we get the polynomial x: Thus, we ﬁnd the t such that
f ¼ tx: If we have to end before we get x; then f cannot be an S-polynomial.
4. Trivial examples and a kind of classiﬁcation of polynomials in 2 variables
Clearly, there are many S-polynomials our theorem fails to characterize, say xp ¼
anx; where a denotes the endomorphism of A2 deﬁned by
aðx; yÞ ¼ ðxp; yÞ:
We call s a Frobenius map if s is the composite of some endomorphisms, each of
which is either an isomorphism or a: Thus, we get all trivial S-polynomials snx when
s runs through all Frobenius maps. If we identify f and snf for any Frobenius map s
and fAk½x; y; we get an equivalence relation B in k½x; y; which is the minimum
equivalence relation satisfying the following properties:
(1) f ðx; yÞBf ðy; xÞ;
(2) f ðx; yÞBf ðax; y þ fðxÞÞ for any aAk and fAk½x;
(3) f ðx; yÞBf ðxp; yÞ:
For any 2 elements f and g in k½x; y with fBg; and a sufﬁciently large ﬁeld Fq; we
have
Lðf =Fq; TÞ ¼ Lðg=Fq; TÞ; ð1Þ
because every Frobenius map is a bijection. In particular, f is an S-polynomial if and
only if g is. The author believes that all S-polynomials are equivalent to each other.
Remark. Let f : Y-X be a family of algebraic varieties over Fq parametrized by X :
For a rational number s and a natural number r; Dwork’s rth power slope s
L-function attached to the family f is deﬁned as
L½rðs; f ; TÞ ¼
Y
%xAX0
1
ZsðYx=FqrdegðxÞ ; TdegðxÞÞ
;
where X0 denotes the set of the closed points of X ; Yx the ﬁber at x; and ZsðYx; TÞ
the slope s part of the zeta function ZðYx; TÞ: (1) means that for any s and r;
L½rðs; f ; TÞ ¼ L½rðs; g; TÞ:
Conjecture. If fAk½x; y is an S-polynomial, then fBx:
Question. For f ; gAFq½x; y; can condition (1) assure fBg?
This question means whether the L-functions determine an equivalence class.
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